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Boundary Condition Relaxation Method for Stepwise
Pedipulation Planning of Biped Robots

Tomomichi Sugihara, Member, IEEE, and Yoshihiko Nakamura, Member, IEEE

Abstract—A completely stepwise online pedipulation planning
method is proposed. It is an analytical approach based on the
general solution of the equation of motion of an approximate dy-
namical biped model whose mass is concentrated at the center of
mass. A physically feasible referential trajectory with a constraint
about the reaction force taken into account is planned only in one
interval by relaxing the boundary condition, namely, by admitting
a certain level of error between the desired and actually reached
states, and discontinuity of zero-moment point at each end of the in-
terval. It potentially creates responsive motions that require strong
instantaneous acceleration. A semiautomatic continual pedipula-
tion planning method is also presented. It generates a referential
trajectory of the whole body only from the next desired foot place-
ment. The validity of the proposed method is ensured through
experiments with a small anthropomorphic robot.

Index Terms—Biped robot, legged motion, online motion
planning.

I. INTRODUCTION

E FFICACY of a so-called pattern-based approach for the
bipedal motion control, in which robots move in the envi-

ronment with a number of degrees of freedom cooperating, has
been proven by many previous researches [1]–[7]. It simplifies
the problem by breaking it into two subproblems, namely, biped
motion planning and feedback control to stabilize the robot in
real time.

For high-level task executions, path planning is the central
issue to avoid collisions in complex environments [8]. Then, a
trajectory to track the path is computed as a function of time
under dynamical constraints by solving a two-point boundary
value problem. In the case of common manipulator controls,
jerk minimization, torque rate minimization, etc., work as loose
dynamical constraints. In the case of legged robot, however,
there works a strong constraint in which no attractive force
is available at any contact point with the environment since
the robot lacks mechanical connection to the inertial frame.
Due to this property, geometry and dynamics are closely linked
with each other. If the trajectory is carelessly designed only to
satisfy the boundary condition, it does not guarantee physical
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Fig. 1. Approaches to solve two-point boundary value problem with constraint
on the input. (a) If the trajectory is carelessly designed only from the boundary
condition, the constraint on the input is not necessarily satisfied. (b) Conven-
tional biped motion planning methods assumed the input trajectory is given a
priori and sacrificed velocity continuity at both ends. (c) Boundary condition
relaxation method strictly satisfies the position–velocity continuity at the initial
state. The goal state moderately satisfies the desired condition. Simultaneously,
the input is designed to satisfy the constraint.

consistency, as shown in Fig. 1(a). This is the primary difficulty
of the legged motion planning.

Vukobratović and Juričić [9] proposed a shuffling motion
planning method in which the upper body (a counterweight
lever) movement is iteratively computed for given trajectories
of the lower extremities in accordance with a criterion that the
point of action of the resultant external force (zero-moment
point (ZMP) [10]) stays at the tip of the posterior leg. It is an
approach in which the ZMP trajectory to satisfy the reaction
force constraint is given a priori, and the whole body motion is
planned by sacrificing the boundary condition about velocity, as
shown in Fig. 1(b). It was augmented by Takanishi et al. [11],
Takanishi et al. [1], Nagasaka [3], and Kagami et al. [5] into
more generalized forms, and some online implementations of
them [12], [13] have been proposed. However, unsatisfied veloc-
ity continuity at seams of trajectories limits their applicability to
conservative motion. Kajita et al. [7] applied the preview con-
trol to an online center-of-mass (COM) trajectory planner with
given referential ZMP trajectory in certain length of future du-
ration. Since it is optimal regulator by nature, COM necessarily
reaches the stationary state above ZMP. A common problem of
those methods is that designing the referential ZMP trajectory
for tasks to be achieved is not trivial.

Another approach is to solve the problem analytically with
the piecewise equation of motion of an approximate robot dy-
namics model whose mass is concentrated at COM, and a ZMP
trajectory function that includes unknown parameters [4], [14],
[15]–[17]. Its advantages are that it can deal with velocity con-
tinuity, the computational amount and accuracy do not depend
on the quantized time step, and the computational cost is less
without the necessity of iteration. In the previous methods, the
ZMP trajectory function was designed as a zero-order function
(constant value) [4], [14], first-order function [16], second-order
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function [15], and n-order function [17]. In Kitamura et al. [14],
Kajita et al. [4], and Kurazume et al. [15], the reaction force
constraint is rather easily handled since the ZMP planning di-
rectly means the foot placement planning in them, while they
cannot accept a time deadline to reach the goal state as a com-
mand and the resulting motions tend to be slow. In addition, their
application is limited to walking and stepping motions with the
support foot alternation. Though the methods proposed by Na-
gasaka et al. [16] and Harada et al. [17] can give a time deadline
as a command, walk intervals have to be finely sectioned into
single-support phases and double-support phases. Besides, they
do not complete the planning in one interval so that a batch of
some steps is planned in advance.

Other methods based on interpolation parameter tuning
through trials and errors [18], and on evolutionary algorithm
[19]–[22] have been proposed. However, neither of them is
promising since the former group relies on the tuner’s expe-
rience for success and the latter consumes computation time.

This paper presents a biped motion planning method based
on an analytical approach with a simple equation of motion
of a mass-concentrated model. It solves the problem only in
one interval with a given time deadline, satisfying the initial
position–velocity continuity and the reaction force constraint.
This property encourages online implementation particularly
for responsive motions that necessitate large accelerations such
as sudden start, turn, and stop commands. It is realized by the
boundary condition relaxation in the sense that: 1) it accepts
a certain level of error at the goal state from the desired val-
ues since such an error is not critical for achievement of biped
motions in most situations and 2) it permits discontinuity of
the ZMP trajectory, which is defined from the equilibrium be-
tween inertial force and reaction force. The idea is illustrated
by Fig. 1(c). Based on the method, a semiautomatic continual
pedipulation planning method is also presented. It generates a
referential trajectory of the whole body completely stepwise,
namely, only from the next desired foot placement.

II. COM TRAJECTORY PLANNING VIA BOUNDARY

CONDITION RELAXATION

A. Formulation of the Analytical Approach Based on Mass-
Concentrated Model

The biped robot, in general, consists of a number of links and
joints, as shown in Fig. 2(a), and the strict equation of motion of
the system takes a complicated form. However, an approximate
model where the total mass of the robot is concentrated at its
COM, as shown in Fig. 2(b), gives the following simple equation
of motion:

m(p̈G + g) = f (1)

(pG − pZ ) × f = [0 0 nZ ]T (2)

where m is the total robot mass, pG = [xG yG zG ]T is the po-
sition of COM, g = [0 0 g]T is the acceleration due to gravity,
f = [fx fy fz ]T is the total linear external force acting on the
robot, pZ = [xZ yZ zZ ]T is the position of ZMP, and nZ is
a torque about the vertical line that passes ZMP. This model

Fig. 2. Mass-distributed versus mass-concentrated models of biped system.
(a) Mass-distributed model. (b) Mass-concentrated model.

stands on the assumption that the translational movement of
COM dominates a large part of the legged locomotion planning
and ignorance of torque about COM does not lead to crises.
Suppose the ground level zZ is known. Each component of (1)
and (2) is expressed as follows:

ẍG = ω2
G (xG − xZ ) (3)

ÿG = ω2
G (yG − yZ ) (4)

z̈G =
fz

m
− g (5)

where

ωG ≡
√

z̈G + g

zG − zZ
. (6)

One can regard (3)–(5) as differential equations about pG

with inputs xZ , yZ , and fz . Based on this model, the mo-
tion planning is formulated as a two-point boundary value
problem to find a time function pG (t) that smoothly connects
the initial state pG (0) = pG0 ≡ [xG0 yG0 zG0 ]T , ṗG (0) =
vG0 ≡ [vx0 vy0 vz0 ]T and the goal state pG (T ) = pGT ≡
[xGT yGT zGT ]T , ṗG (T ) = vGT ≡ [vxT vyT vzT ]T , and the
corresponding input function xZ (t), yZ (t), and fz (t) in a given
interval t = 0 ∼ T . On the input function, the following con-
straints are posed:

pZ ∈ S (7)

fz ≥ 0 (8)

where S is a convex region on the level ground z = zZ defined
from the contact condition between the robot and the ground. It
is called the supporting region. Typically, if all contact points
are on an identical plane, the region is the convex hull of those
points. It deforms discontinuously when the robot changes the
stance foot location in general. Both conditions (7) and (8) come
from the fact that any attractive force cannot be exerted at any
contact point.

Equation (5) tells us that the vertical COM trajectory is
decided independently from the horizontal movement. For
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Fig. 3. Reaction force manipulation for kicking motion.

Fig. 4. Profile of designed ZMP trajectory.

instance, the following smooth function is available:

zG (t) = zG0 + (zGT − zG0)
(

t

T
− 1

2π
sin

2πt

T

)
. (9)

If the gap between zG0 and zGT is sufficiently small, we can as-
sume that the effect of the vertical motion in T on the horizontal
motion can be ignored, namely, ωG in (3) and (4) is regarded
as a constant value in 0 ≤ t ≤ T . Hereafter, ωG is substituted
for ωG (0) and simply denoted by ωG . Since the homogeneous
equations of (3) and (4), where xZ (t) ≡ 0 and yZ (t) ≡ 0, are
linear, the general solutions of (3) and (4) can be derived if par-
ticular solutions against given xZ (t) and yZ (t) are found. From
the symmetricity of (3) and (4), we consider the motion only in
x-axis, hereafter.

B. ZMP Trajectory Function for Rapid Stance Foot Alternation

The relationship between the movement of COM and ZMP is
not simple. Let us consider the case in which the robot lifts up the
left foot from a stationary standing state on both feet, as shown
in Fig. 3. A necessary condition to lift up the left foot is that ZMP
exists in the right foot sole. However, a sudden transportation
of ZMP to the right foot causes a strong leftward acceleration
of COM. In order to avoid tipping against it, the human, in
general, first kicks the ground by the left foot to gain a rightward
initial velocity, and then carries ZMP smoothly to the right foot.
Note that ZMP is located in the left foot during the kicking.
The fact that humanoid robots are nonminimum phase shift
systems similar to inverted pendula is behind this requirement of
complex ZMP manipulation. Based on this property, we design
the input ZMP function as follows:

xZ (t) = xZT − (xZT − xZ 0) e−βωG t (10)

where xZ 0 = xZ (0), xZT = xZ (T ), and β are the constant val-
ues to be designed. The variable β has to be positive. Fig. 4
shows a profile of the function. The choice of this function
yields a motion where the robot kicks xZ 0 at t = 0 and supports
itself on xZT at t = T . Meanwhile, the solution for β = 0 be-

comes the same with that of the linear inverted pendulum mode
proposed by Kajita et al. [4].

The variable β determines the responsivity of the kick.
Namely, the larger β is chosen, the faster ZMP travels. Since
(10) is a monotone function, (7) is easily handled; if both ends
xZ 0 and xZT are inside of S in (7), any points in-between xZ (t)
(0 ≤ t ≤ T ) are certainly inside of S, which is a convex region.

C. Boundary Condition Relaxation Method

The general solution of (3) given (10) under the condition
β �= 1 is

xG (t) = C1e
ωG t + C2e

−ωG t +
xZT − xZ 0

β2 − 1
e−βωG t + xZT

(11)
where C1 and C2 are the unknown constant coefficients. By
differentiating it, we get

ẋG (t) = ωG

(
C1e

ωG t − C2e
−ωG t − β

xZT − xZ 0

β2 − 1
e−βωG t

)
.

(12)
Equations (11) and (12) provide the boundary conditions at
t = 0 and t = T as

C




C1

C2

xZ 0

xZT


 =




xG0

vx0/ωG

xGT

vxT /ωG


 (13)

where

C ≡




1 1 − 1
β2 − 1

1
β2 − 1

+ 1

1 −1
β

β2 − 1
− β

β2 − 1

eωG T e−ωG T − e−βωG T

β2 − 1
e−βωG T

β2 − 1
+ 1

eωG T −e−ωG T βe−βωG T

β2 − 1
− βe−βωG T

β2 − 1




.

(14)
C is necessarily a regular matrix under the condition ωG > 0
and T > 0, and has the following inverse matrix:

C−1 =




d11 d12 d13 d14

d21 d22 d23 d24

d31 d32 d33 d34

d41 d42 d43 d44


 . (15)

The regularity of C and each dij (i = 1 ∼ 4, j = 1 ∼ 4) are
shown in Appendix I. For β = 1, a particular form of the gen-
eral solution and matrix C, which are derived in Appendix II,
have to be used. Accordingly, both the COM and ZMP trajecto-
ries are uniquely defined if given the initial condition xG (0) =
xG0 , ẋG (0) = vx0 and the terminal condition xG (T ) = xGT ,
ẋG (T ) = vxT . In this case, condition (7) is not assured to be
satisfied.

Let us reconsider the properties of each parameter in (13).
First, the initial condition xG (0) = xG0 and ẋG (0) = vx0 must
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be necessarily satisfied in terms of motion continuity. On the
other hand, xG (T ) and ẋG (T ) can accept a certain level of error
from the desired dxGT and dvxT . xZ 0 and xZT are required to
be near typical centering values dxZ 0 and dxZT , respectively, in
order to satisfy condition (7), while C1 and C2 are arbitrary. In
accordance with these facts, we set up the following quadratic
programming problem (QP) instead of (13):

1
2
(ξ −d ξ)TQ−1(ξ −dξ) −→ min.

subject to Dξ = s (QP)

where

ξ ≡ [xZ 0 xZT xGT vxT /ωG ]T (16)

dξ ≡
[
dxZ 0

dxZT
dxGT

dvxT /ωG

]T
(17)

Q ≡ diag{qi}, ( i = 1 ∼ 4, qi > 0 ) (18)

D ≡
[

1 0 −d33 −d34

0 1 −d43 −d44

]
(19)

s ≡
[

d31 d32

d41 d42

] [
xG0

vx0/ωG

]
. (20)

(QP) is easily solved as

ξ = dξ − QDT(DQDT)−1(D dξ − s). (21)

The variables C1 and C2 are computed from the following
equation:

[
C1

C2

]
=

[
d11 d12 d13 d14

d21 d22 d23 d24

]



xG0

vx0/ωG

xGT

vxT /ωG


 . (22)

By assigning dxZ 0 and dxZT in S with sufficient margin at
t = 0 and t = T , respectively, and choosing sufficiently smaller
q1 and q2 than q3 and q4 , condition (7) is satisfied. Note that
the terminal state of COM approaches certain values that are
independent of the desired state for too small q1 and q2 . This
issue is discussed in Appendix III.

III. SEMIAUTOMATIC PEDIPULATION PLANNING FROM FOOT

PLACEMENT COMMAND

The boundary condition relaxation method described in the
previous section is applied to a semiautomatic online successive
pedipulation planning including starting and stopping from the

foot placement commands. Although motion in x-axis is only
considered, the condition about the 2-D supporting region has
to be dealt with simultaneously in both x- and y-directions.

Suppose that the present time is t = 0 and the representative
points of the supporting and kicking feet (the center point of the
sole, for instance) are xS0 and xK 0 , respectively. Also, suppose
that the supporting foot keeps stationary contact with the ground
during t = 0 ∼ T as xS (t) = xS0 . Let xK T be the planned foot
placement position of the swinging leg at t = T . The desired
goal position of COM is set, for instance, at the midpoint of the
supporting and landing points as follows:

dxGT =
xK T + xST

2
. (23)

The following value, for instance, is chosen for the desired goal
velocity of COM:

dvxT = αx

dxGT − xG0

T
(24)

where αx is a constant ratio of the goal COM velocity against the
mean COM velocity in T ; αx > 0 for a successive motion, and
αx = 0 for a stopping motion. The desired boundary condition
of ZMP is given as follows, aiming at accelerating the robot
toward the moving direction by kicking the ground at t = 0,
and carrying ZMP into the supporting sole at t = T :

dxZ 0 = xK 0 (25)
dxZT = xS0 . (26)

The referential trajectories of COM and ZMP are planned
through the previous method for those boundary conditions.

Moreover, one can know the time when the kicking foot may
lift off from the ZMP trajectory defined by (10) and S at t = T .
Namely, since xZ (t) is a monotone function, the kicking foot
can lift off at any time after ZMP goes within S. Let us choose
t = Ts for the liftoff time, and the horizontal kicking–swinging
foot trajectory is designed, for instance, as Eq. (27) at the bottom
of this page. The vertical foot trajectory zK (t) is also defined,
for instance, by the following function, as shown (28), at the
bottom of this page, where hK (> 0) is the maximum lifting
height of the foot. By updating time stamp to t = 0 at t = T
and repeating the same procedure, consecutive pedipulation is
planned online.

In many previous methods [15]–[17], xZT in the last in-
terval is chosen for the next xZ 0 , which is an overconstraint
for the problem to solve. Our method does not necessitate this

xK (t) =




xK 0 , (0 ≤ t < Ts)

xK 0 +
(
dxK T − xK 0

) {
t − Ts

T − Ts
− 1

2π
sin

2π(t − Ts)
T − Ts

}
, (Ts ≤ t < T ).

(27)

zK (t) =




zK 0 , (0 ≤ t < Ts)

zK 0 +
(
dzK T − zK 0

) {
t − Ts

T − Ts
− 1

2π
sin

2π(t − Ts)
T − Ts

}
+

hK

2

{
1 − cos

2π(t − Ts)
T − Ts

}
, (Ts ≤ t < T )

(28)
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TABLE I
COR, MASS, COM, AND INERTIA TENSOR OF THE ROBOT PARTS

condition, and due to it, responsive motion planning such as
sudden starting and stopping is completed in one interval.

IV. INVERSE KINEMATICS INCLUDING COM

This section shows inverse kinematics to compute the refer-
ential joint angle to satisfy COM and feet trajectories defined in
the previous section.

COM Jacobian matrix embedding unactuated baselink coor-
dinates [23], which typically mean the translation and rotation
of the trunk link, maps movements of the whole actuated joints
to that of COM as follows under the condition that the support-
ing foot link (or, the pivot link) keeps stationary with respect to
the ground

dpG = JG dθ (29)

where JG is defined as follows:

JG ≡ R0{0JG − 0JF + (0pG − 0pF ) × 0JΩF } (30)

where R0 ∈ SO (3) is the baselink attitude matrix with respect
to the inertial frame, 0pG and 0pF are the positions of COM
and the pivot link in the baselink frame, respectively, 0JG is the
relative COM Jacobian matrix with respect to the baselink, 0JF

and 0JΩF are the basic Jacobian matrices [24] about relative
linear and angular movements of the pivot link with respect to
the baselink, respectively, and (0pG − 0pF )× is a 3 × 3 skew-
symmetric outer product matrix with 0pG − 0pF . In addition to
(29), position and orientation vector pC of particular body parts
to be explicitly guided including the kicking foot is related to
the whole joint movements as follows:

dpC = JC dθ. (31)

By combining (29) and (31) together, we get

dpU = JU dθ (32)

where

pU ≡ [pT
G pT

C ]T , JU ≡ [JT
G JT

C ]T (33)

and θ converges to a value satisfying pU � dpU by the following
iteration:

θ ← θ + J�
U (dpU − pU ) (34)

where J�
U is the singularity robust inverse matrix [25] of JU .

V. EXAMPLE OF MOTION PLANNING AND EXPERIMENTS

Some simulations and experiments were done in order to
verify the proposed method. Fig. 5 shows the outer view, size,
and weight specifications of the supposed robot UT-µ [26]. The

Fig. 5. Outer view and size–weight specifications of the robot.

TABLE II
SERIES OF COMMAND VALUES WITH TIME STEPS

sets of center of rotation (COR), mass, COM, and inertia ten-
sor of body parts with respect to the world frame are listed in
Table I. The height of COM in upright posture is about 0.30
m. Note that the absolute weight of the robot does not concern
the proposed method; only a mass distribution balance might
be a problem when justifying the mass-concentrated approx-
imation. Since the robot has a similar mass distribution with
standard life-sized humanoid robots, the results in this section
engages for an applicability of the proposed method to life-size
robots.

The command set for planning is defined as to be composed of
time interval T , kicking foot switch (right/left/none), next land-
ing position dpK = [dxK T

dyK T
dzK T ]T , COM height dzGT ,

foot lifting height hK , velocity ratio αx , αy , and kicking re-
sponsivity β. Table II shows a command sequence for the first
example walking motion. L, R and S in the table mean “kick and

Authorized licensed use limited to: Central Library M080. Downloaded on June 12, 2009 at 10:36 from IEEE Xplore.  Restrictions apply.



SUGIHARA AND NAKAMURA: BOUNDARY CONDITION RELAXATION METHOD FOR STEPWISE PEDIPULATION PLANNING 663

Fig. 6. Planned trajectory of COM(xG ,yG ), feet(xK ,yK ,xS ,yS ), and ZMP(xZ ,yZ ) of the walking motion. (a) Loci in time domain on x-axis. (b) Loci in time
domain on y-axis.

Fig. 7. Planned ZMP trajectory and ZMP locus via inverse dynamics of the walking motion. (a) Loci in time domain on x-axis. (b) Loci in time domain on
y-axis.

step by left foot,” “by right foot,” and “stay standing on both
feet,” respectively. dpK for the switch “S” means the horizontal
position of COM, and the feet are commanded to stay at the same
position. The initial positions of the right foot, the left foot, and
COM were [0 − 0.047 0]T , [0 0.047 0]T , and [0 0 0.29]T ,
respectively. The weighting values diag{qi}(i = 1 ∼ 4) in (QP)
were q1 = 16, q2 = 0.1, q3 = 2, and q4 = 18 for the x-direction,
and q1 = 20, q2 = 0.12, q3 = 1, and q4 = 20 for the y-direction.
The planned trajectory is plotted in Fig. 6. One can note that
ZMP passes through COM in the direction from the kicking foot
to the supporting foot where COM is accelerated in the initial
stage and decelerated in the end stage. ZMP trajectory defined
by (10) yields this typical dynamical property. Circles with a
cross in the figure are the desired goal positions of COM in each
interval. In this example, the maximum gap between the desired
COM position and the actually planned position at boundary
times was less than 8 mm in the x-direction and 7 mm in the y-
direction. Also, that between the desired ZMP and the planned
was less than 12 mm in both x- and y-directions in steady walk-
ing and 20 mm in sudden stop. The stop commands were given
three times in t = 2.0 ∼ 2.6 in order to compensate the error of
the terminal COM position admitted in each interval. By repeat-
ing the same braking command some times, the position error
at the final state was compensated and the COM approached the

desired goal. Fig. 7 shows the planned ZMP trajectory and the lo-
cus of ZMP computed through inverse dynamics on an accurate
dynamical robot model with mass and inertia in each link. The
dotted area in the figure is the supporting region. Deviation of
the locus from the planned trajectory comes from the torque
about COM ignored at the planning stage. Particularly, the
locus passes outside of the supporting region at each bound-
ary moment due to kicks, which do not occur in real situations
but turn to a torque about an edge of the supporting region. Fig. 8
shows snapshots of the planned walking motion on a computer
graphics animation. Fig. 9 presents snapshots of the same mo-
tion performed by the real robot. Each joint was controlled to
track the planned trajectory by proportional-derivative compen-
sation, and other sensory feedback controls such as reaction
force feedback and gyroscope feedback were not applied. The
robot succeeded to complete the motion without tipping over
and the validity of the planned trajectory was experimentally
verified. The error torque observed in Fig. 7 is thought to be
absorbed by viscoelasticity in the robot body and the environ-
ment. Computer equipment and specification were CPU: Intel
PentiumM 1 GHz and RAM: 256 MB. The program ran on
Linux. The time to solve the problem (QP) was 0.01 ms, and
inverse kinematics computation required about 0.22 ms per step
on average.
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Fig. 8. Snapshots of a simulation of a walking motion generated.

Fig. 9. Snapshots of the playbacked walking motion by the real robot.

Fig. 10. ZMP deviations from the planned trajectory with respect to different intervals T = 0.6 ∼ 0.9. The time axis is normalized by 4 × T . (a) Loci in time
domain on the x-axis. (b) Loci in time domain on the y-axis.
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Fig. 11. Posture transition chart of a step variation motion.

Fig. 12. Loci of COM, feet, and ZMP of step variation motion (Fig. 11). (a) Loci in time domain on x-axis. (b) Loci in time domain on y-axis. (c) Loci on
xy-plane.

Fig. 13. Snapshots of step variation motion by the real robot.

We also examined the same command sequence with differ-
ent intervals T = 0.6 ∼ 0.9 s. The results of inverse dynamics
analyses are shown in Fig. 10, where the time axis is normalized
by the interval multiplied by the number of steps. One can tell
that the choice of T is crucial to reduce the ZMP deviation and
satisfy (7).

Another example, which was a step variation as charted by
Fig. 11, was tested to show an availability of the proposed
method to motions which does not necessitate an alternation
of the supporting foot. β was set for 0.6. The weighting values
diag{qi}(i = 1 ∼ 4) were q1 = 3, q2 = 0.1, q3 = 1, and q4 = 9
for the x-direction, and q1 = 10, q2 = 0.12, q3 = 1, and q4 = 20
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Fig. 14. Joint torques required for the forward walking motion.

Fig. 15. Joint torques required for the step variation motion.

for the y-direction. The planned COM, ZMP, and foot trajec-
tories are plotted together with ZMP locus obtained through
inverse dynamics computation in Fig. 12. As well as in Fig. 7,
ZMP locus partially passes outside of the supporting region with
an offset from the desired trajectory. Fig. 13 presents snapshots
of this motion performed by the real robot. As seen in parts 7
and 15 of the figure, the sole of the robot detached from the
ground at some moments. However, they occurred in short span
so that the robot did not tip over.

Although different weighting value sets diag{qi} were ap-
plied for each motion, it should be noted that they did not
make a big difference on results. An experimental fact is that
(q1 , q2 , q3 , q4) � (10, 0.1, 1, 20) is applicable to most motions.

Finally, joint torque requirements for each motion were eval-
uated through inverse dynamics. The results on left leg joints are
shown in Figs. 14 and 15. In Fig. 14, torque changes at the mo-
ment of kicking and swinging are emphasized by dotted boxes.
Though the discontinuous torque changes are found, it is verified
that particularly large joint torques were imposed on the robot by
neither the ZMP jumps by kicking nor swinging. Even in Fig. 15,
torque requirements are within the rated actuator outputs,
4.8 N·m in our case, in spite of larger ZMP jumps.

VI. CONCLUSION

This paper presented a fast stepwise pedipulation planning
method for biped robots based on the analytical solution of the
equation of motion of an approximate mass-concentrated model.
It has the following advantages.

1) Position–velocity continuity at the initial time and the
reaction force constraint are simultaneously satisfied by
relaxing the boundary condition at the goal, namely, ac-
cepting a certain level of error from the desired state.

2) The planning completes in one interval by permitting dis-
continuity of ZMP. It facilitates responsive motion plan-
ning such as sudden starting, turning, and stopping online.

About the former property, the degree of error admitted in
each of the four evaluated values concerns the feasibility of the
planned motion. This paper can provide an experimental fact
that the errors of ZMP and the COM position at the goal are
preferentially suppressed for better results as is presented in
Section V. Quantitative discussion to decide the weights is a
future work. Since the error on COM and that on ZMP mutually
affect, an adaptive variable weighting is possibly necessary for
long-term motion coordination.

About the latter, the semiautomatic pedipulation planning
presented in Section III can avoid excess ZMP jumps in the case
of supporting foot alternation since the previous desired ZMP
at the goal turns to the new desired ZMP at the initial. On the
other hand, in the case of pivot-invariant pedipulation as shown
in the last experiment, ZMP largely jumps at every step. In this
sense, it was a typical severe motion in terms of the ZMP be-
havior. We estimated the joint torques for each motion and con-
cluded that large ZMP jumps did not cause a serious problem.
However, requirements of discontinuous torque change might
cause a degradation of trackability of the motor to the
planned trajectory. Whether the robot can accept them de-
pends on the performance of actuators and servo controllers,
which are not discussed in this paper. Operators should
carefully command the motion not to force overloads on
actuators.

The mass-concentrated model utilized in this paper is the
simplest biped dynamics model. Modeling errors due to ne-
glected torque about COM and vertical COM movement cause
a gap between the planned ZMP trajectory and the actual
ZMP locus. One should be aware that the objective of motion
planning is to obtain a physically acceptable trajectory. ZMP is
not necessarily required to track the forecasted trajectory accu-
rately; it is sufficient if the planned ZMP trajectory approximates
the actual one so fairly that it almost satisfies the condition (7).
In the examined inverse dynamics computations, some results in
which ZMP traveled outside of the supporting region appeared.
It causes a torque that might make the robot tip in real situations
so that it is better to be compensated by some means. However,
to complete this issue in motion planning requires expensive
computations. This paper prioritized less computational cost to
meet a severe time constraint in practical operations in spite
of its applicability in many situations. The authors think it is
realistic that the issue of ZMP error should be resolved not only
by motion planning but also by feedback control.
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APPENDIX I

PROOF OF THE REGULARITY OF C IN (14) AND ITS INVERSE

First, let us prove that C defined by (14) is regular under
ωG > 0, T > 0, β > 0, and β �= 1.

Proof: Define λ ≡ eωG T , where λ > 1 since ωG > 0 and
T > 0. The determinant of C, ∆(β), is expressed as follows:

∆(β) ≡
{

λβ

(
β − λ + 1

λ − 1

)
+

(
β +

λ + 1
λ − 1

)}
(λ − 1)2 .

(35)
It satisfies

∆(−1) = 0, ∆(0) = 0, ∆(1) = 0. (36)

The derivative of ∆(β) is

d ∆(β)
dβ

= (λ − 1)2
{(

β log λ − λ + 1
λ − 1

log λ + 1
)

λβ + 1
}

.

(37)
Also

d2 ∆(β)
dβ2 = (λ − 1)2

(
β log λ − λ + 1

λ − 1
log λ + 2

)
λβ log λ.

(38)
Now, log λ > 0 since λ > 1, and hence, d ∆(β)/dβ has a
unique local minimum value, which means that an equation
d∆(β)/dβ = 0 has up to two solutions, and hence, ∆(β) = 0
has up to three solutions. From this fact and (36), we conclude

∆(β) = 0 ⇐⇒ β = −1, 0, 1. (39)

Therefore, C is regular if β > 0 and β �= 1. �
Moreover, all the components dij (i = 1 ∼ 4, j = 1 ∼ 4) of

C−1 in (15) are derived as follows, where λ and ∆(β) are
defined before:

dij =
d′ij

∆(β)
, (i = 1 ∼ 4, j = 1 ∼ 4) (40)

where

d′11 = β(λβ − λ) (41)

d′12 = λβ − βλ + β − 1 (42)

d′13 = −β(λβ − λ) (43)

d′14 = λβ{(β − 1)λ − β} + λ (44)

d′21 = β(λβ+2 − λ) (45)

d′22 = λβ+2 − (β + 1)λ2 + βλ (46)

d′23 = −β(λβ+2 − λ) (47)

d′24 = λ{λβ (βλ − β − 1) + 1} (48)

d′31 = λβ{(β2− 1)λ2− 2βλ− (β2− 1)}+ (β + 1)λ2+β − 1

(49)

d′32 = λβ{(β2− 1)λ2− 2β2λ + β2− 1}+ (β + 1)λ2−β + 1

(50)

Fig. 16. COM–ZMP trajectory for β around 1.

d′33 = −βλβ{(β − 1)λ2 − (β + 1)} − 2βλ (51)

d′34 = λβ{β(β − 1)λ2 − 2(β2 − 1)λ + β(β + 1)} − 2λ (52)

d′41 = −2βλβ+1 + (β + 1)λ2 + β − 1 (53)

d′42 = −2λβ+1 + (β + 1)λ2 − β + 1 (54)

d′43 = λβ{(β − 1)λ2 + β + 1} − 2βλ (55)

d′44 = −λβ{(β − 1)λ2 − β − 1} − 2λ. (56)

APPENDIX II

SOLUTION FOR β = 1

Suppose that β = 1 in (10). The general solution of (3) is
derived as follows:

xG (t)= C1e
ωG t+ C2e

−ωG t − 1
2
(xZT −xZ 0)ωG t e−ωG t+ xZT.

(57)
For this solution, the coefficient matrix C of the boundary con-
dition (13) is defined as follows:

C≡




1 1 0 −1

1 −1
1
2

−1
2

eωG T e−ωG T ωGTe−ωG T

2
−ωGTe−ωG T

2
+1

eωG T −e−ωG T (1−ωGT )e−ωG T

2
− (1−ωGT )e−ωG T

2



.

(58)
Now

|C| ≡ −(λ − 1)(λ2 − 2ωGTλ + 1)

= −(λ − 1){(eωG T − ωGT )eωG T + 1} < 0 (59)

and thus, C is regular. Then, the proposed method for β �= 1 is
available as well, except for this modification of C.

We tested planning according to Table II and the same param-
eter set with that in Section V except for β, which is changed
from 0.5 to 1.5 with a step 0.1. Only for β = 1, (58) was ap-
plied, while for the other cases, (14) was employed. Significant
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difference before and after β = 1 was not observed. Fig. 16
shows a part of the planned trajectories for β = 0.6, 1.0, and
1.5 (in t = 0 ∼ 0.5 s). From this result, the solution for β = 1
is thought to be a certain limit solution for β �= 1, which has no
qualitative difference.

APPENDIX III

RELATIONSHIP BETWEEN Q AND THE GOAL STATE OF COM

Equation (21) is recasted in the following form:



xZ 0 − dxZ 0

xZT − dxZT

xGT − dxGT

vxT − dvxT

ωG




=




(−Ds1 + Bs2)q1

(Bs1 − As2)q2

{(Ds1 − Bs2)d33 − (Bs1 − As2)d43}q3

{(Ds1 − Bs2)d34 − (Bs1 − As2)d44}q4




× 1
AD − B2 (60)

where

A ≡ q1 + q3d
2
33 + q4d

2
34 (61)

B ≡ q3d33d43 + q4d34d44 (62)

D ≡ q2 + q3d
2
43 + q4d

2
44 (63)

s1 ≡ dxZ 0 − d33
dxGT − d34

dvGT

ωG
− d31xG0 −

d32vG0

ωG

(64)

s2 ≡ dxZT − d43
dxGT − d44

dvGT

ωG
− d41xG0 −

d42vG0

ωG
.

(65)

The limit vector for q1 → 0 and q2 → 0 with q3 and q4 fixed is




xZ 0

xZT

xGT

vxT

ωG



→




dxZ 0

dxZT

dd
44xZ 0 − dd

34xZT − b1xG0 − b2vx0/ωG

d33d44 − d34d43

−dd
43xZ 0 + dd

33xZT + b3xG0 + b4vx0/ωG

d33d44 − d34d43




(66)
where

b1 ≡ d31d44 − d41d34 (67)

b2 ≡ d32d44 − d42d34 (68)

b3 ≡ d31d43 − d41d33 (69)

b4 ≡ d32d43 − d42d33 . (70)

Consequently, the boundary values of ZMP xZ 0 and xZT can
unboundedly approach the desired value dxZ 0 and dxZT , respec-
tively, by decreasing q1 and q2 with respect to q3 and q4 . Note
that the goal COM position xGT and velocity vxT simultane-
ously approach certain values that are nothing but the terminal
values xG (T ) and ẋG (T ) of the solution of initial value problem

(11) with xZ 0 = dxZ 0 and xZT = dxZT , regardless of q3 , q4 ,
dxGT , and dvxT .

Conversely, for q3 → 0 and q4 → 0 with q1 and q2 fixed, we
get




xZ 0

xZT

xGT

vxT

ωG



→




dd
33xGT +

dd
34vGT

ωG
+ d31xG0 +

d32vG0

ωG

dd
43xGT +

dd
44vGT

ωG
+ d41xG0 +

d42vG0

ωG

dxGT

dvxT

ωG




.

(71)
In this case, the goal COM position and velocity unboundedly
approach the desired values dxGT and dvxT , while xZ 0 and xZT

get close to certain values regardless of q1 , q2 , dxZ 0 , and dxZT .
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[10] M. Vukobratović and J. Stepanenko, “On the stability of anthropomorphic
systems,” Math. Biosci., vol. 15, no. 1, pp. 1–37, 1972.

[11] A. Takanishi, Y. Egusa, M. Tochizawa, T. Takeya, and I. Kato, “Realization
of dynamic walking stabilized with trunk motion,” in Proc. ROMANSY 7,
1988, pp. 68–79.

[12] H. Lim, Y. Kaneshima, and A. Takanishi, “Online walking pattern gener-
ation for biped humanoid robot with trunk,” in Proc. 2002 IEEE Int. Conf.
Robot. Autom., pp. 3111–3116.

[13] K. Nishiwaki, S. Kagami, J. J. Kuffner, M. Inaba, and H. Inoue, “Online
humanoid walking control system and a moving goal tracking experi-
ment,” in Proc. 2003 IEEE Int. Conf. Robot. Autom., pp. 911–916.

[14] S. Kitamura, Y. Kurematsu, and M. Iwata, “Motion generation of a biped
locomotive robot using an inverted pendulum model and neural net-
works,” in Proc. 29th IEEE Conf. Decis. Control, 1990, vol. 6, pp. 3308–
3312.

[15] R. Kurazume, T. Hasegawa, and K. Yoneda, “The Sway compensation
trajectory for a biped robot,” in Proc. 2003 IEEE Int. Conf. Robot. Autom.,
pp. 925–931.

[16] K. Nagasaka, Y. Kuroki, S. Suzuki, Y. Itoh, and J. Yamaguchi, “Integrated
motion control for walking, jumping and running on a small bipedal enter-

Authorized licensed use limited to: Central Library M080. Downloaded on June 12, 2009 at 10:36 from IEEE Xplore.  Restrictions apply.



SUGIHARA AND NAKAMURA: BOUNDARY CONDITION RELAXATION METHOD FOR STEPWISE PEDIPULATION PLANNING 669

tainment robot,” in Proc. 2004 IEEE Int. Conf. Robot. Autom., pp. 3189–
3914.

[17] K. Harada, S. Kajita, K. Kaneko, and H. Hirukawa, “An analytical method
on real-time gait planning for a humanoid robot,” in Proc. 2004 IEEE-
RAS/RSJ Int. Conf. Humanoid Robots, Nov. 10–12, vol. 2, pp. 640–655.

[18] Q. Huang, K. Yokoi, S. Kajita, K. Kaneko, H. Arai, N. Koyachi, and
K. Tanie, “Planning walking patterns for a biped robot,” IEEE Trans.
Robot. Autom., vol. 17, no. 3, pp. 280–289, Jun. 2001.

[19] F. Kanehiro, M. Inaba, and H. Inoue, “Action acquisition framework for
humanoid robots based on kinematics and dynamics adaptation,” in Proc.
1999 IEEE Int. Conf. Robot. Autom., pp. 1038–1043.

[20] T. Arakawa and T. Fukuda, “Natural motion generation of biped locomo-
tion robot using hierarchical trajectory generation method consisting of
GA, EP layers,” in Proc. 1997 IEEE Int. Conf. Robot. Autom., pp. 211–216.

[21] F. Yamasaki, K. Endo, H. Kitano, and M. Asada, “Acquisition of humanoid
walking motion using genetic algorithm—considering characteristics of
servo modules,” in Proc. 2002 IEEE Int. Conf. Robot. Autom., pp. 3123–
3128.

[22] K. Wolff and P. Nordin, “An evolutionary based approach for control pro-
gramming of humanoids,” Proc. 3rd IEEE Int. Conf. Humanoid Robots,
Las Vegas, NV, 2003.

[23] T. Sugihara, Y. Nakamura, and H. Inoue, “Realtime humanoid motion gen-
eration through ZMP manipulation based on inverted pendulum control,”
in Proc. 2002 IEEE Int. Conf. Robot. Autom., pp. 1404–1409.

[24] O. Khatib, “A unified approach for motion and force control of robot
manipulators: The operational space formulation,” Int. J. Robot. Autom.,
vol. RA-3, no. 1, pp. 43–53, 1987.

[25] Y. Nakamura and H. Hanafusa, “Inverse kinematic solutions with sin-
gularity robustness for robot manipulator control,” J. Dyn. Syst., Meas.
Control, vol. 108, pp. 163–171, 1986.

[26] T. Sugihara, K. Yamamoto, and Y. Nakamura, “Hardware design of high
performance miniature anthropomorphic robots,” Robot. Auton. Syst.,
vol. 56, pp. 82–94, 2007.

Tomomichi Sugihara (S’01–M’04) received the
B.S. and M.S. degrees in mechanical engineering
and the Ph.D. degree from the University of Tokyo,
Tokyo, Japan, in 1999, 2001, and 2004, respectively.

From April 2004 to February 2005, he was an Aca-
demic Research Assistant at the University of Tokyo,
where he became a Research Associate. Since 2007,
he has been a Guest Associate Professor at Kyushu
University, Fukuoka, Japan. His current research in-
terests include kinematics, dynamics computation,
motion planning, control, hardware design, and soft-

ware development of anthropomorphic robots.
He is a member of the Robotics Society of Japan.

Yoshihiko Nakamura (M’87) received the Ph.D. de-
gree in precision engineering from Kyoto University,
Kyoto, Japan, in 1985.

From 1982 to 1987, he was an Assistant Professor
at Kyoto University. He then joined the University
of California, Santa Barbara, where he was initially
an Assistant and later on became an Associate Pro-
fessor. He thereafter joined the University of Tokyo,
Tokyo, Japan, where he is currently a Professor in the
Department of Mechano-Informatics. His research
stems from kinematics, dynamics, and control. His

current research interests include humanoid robotics, cognitive robotics, neu-
romusculoskeletal human model, and biomedical systems application and their
computational algorithms and software.

Prof. Nakamura is a Foreign Member of the Academy of Engineering Sci-
ence of Serbia and a Fellow of the Japan Society of Mechanical Engineers and
the World Academy of Art and Science. He is the Vice President of International
Federation for the Promotion of Mechanism and Machine Science (IFToMM),
and the Chairman of the Japan Council of IFToMM. From 2006 to 2008, he
was a Distinguished Lecturer of the Robotics and Automation Society of the
IEEE. He was the recipient of several academic awards including the King-Sun
Fu Memorial Best Transactions Paper Award of the IEEE TRANSACTIONS ON

ROBOTICS AND AUTOMATION in 2001 and 2002, respectively.

Authorized licensed use limited to: Central Library M080. Downloaded on June 12, 2009 at 10:36 from IEEE Xplore.  Restrictions apply.


