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Solvability-Unconcerned Inverse Kinematics by the
Levenberg–Marquardt Method

Tomomichi Sugihara, Member, IEEE

Abstract—A robust numerical solution to the inverse kinematics is
proposed based on the Levenberg–Marquardt (LM) method, where the
squared norm of residual of the original equation with a small bias is used
for the damping factor. A rather simple idea remarkably improves the
numerical stability and the convergence performance, even in unsolvable
cases. Discussion is done through an investigation of the condition number
of the coefficient matrix. Comparison tests with conventional methods show
that only the proposed method succeeds in all cases. It frees operators from
being careful about the target position-orientation assignment of effectors
so that it facilitates easy robot motion designs and remote operations.

Index Terms—Kinematics, numerical ill-posedness, singularity, redun-
dant robots.

I. INTRODUCTION

Inverse kinematics (IK) is one of the fundamental computations in
robotics, but it still has some mathematical difficulties. The objective of
the problem is to find a robot configuration that satisfies specified con-
straints about the position and orientation of a link of interest (the end
effector in typical cases). As Pieper [1] indicated, it comes down to the
root finding of simultaneous multidimensional polynomial equations.
Except for some special mechanisms [1]–[4], it is hard to solve the
problem analytically so that numerical solutions are utilized in many
cases.

The Newton–Raphson (NR) method is often used for numerical
solution of IK. It requires the basic Jacobian matrix [5], where its
efficient computation methods are already available [6], [7]. The NR
method, however, succeeds if and only if the function of the original
equation has the inverse function and the original equation is solvable.
From the viewpoint of the kinematics, the former condition means
that the robot is required to be nonredundant, namely, the number of
motion constraints is the same with the degree of freedom (DOF) of the
robot, and the robot does not pass through the singular points during
the movement from the initial configuration to the final configuration.
The latter means that the desired position and orientation of the link
of interest needs to be within the workspace of the robot. Because of
those limitations, the global convergence is not guaranteed on the NR
method so that it largely depends on the initial value.
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The problem of singularity is strongly related to the property of the
basic Jacobian matrix, which has been discussed mainly in the studies
of the differential inverse kinematics (DIK) [6], [8]– [12]. Whitney [6]
proposed to solve this problem by the use of Moore–Penrose’s gener-
alized inverse matrix (MP-inverse matrix). The MP-inverse matrix that
can be computed regardless of the rank of the original Jacobian matrix,
minimizes the residual of the constraint equation by the minimum de-
viation of configuration. Nakamura and Hanafusa [10] pointed out that
this method cannot resolve the problem that the configuration chatters
in the vicinity of the singular points and proposed the singularity-robust
inverse matrix (SR-inverse matrix) into which the damping factor was
introduced. Wampler [11] also proposed a similar method, and referred
that it was involved in a framework of the Levenberg–Marquardt (LM)
method [13], [14].

The problem of solvability is as severe as that of singularity. A more
difficulty is that it is hard to know if the equation is solvable or not in
advance in most situations—it is burdensome for operators to assign
carefully the goal position and orientation of the link of interest to be
within the workspace in order to guarantee the solvability in the motion
design and remote control of large-scale structure-varying kinematic
chains [15] such as humanoid robots. A rational idea is to substitute
the minimization of residual for the above root finding problem in
IK. Several studies that are based on this idea used the steepest descent
(SD) method [16], [17] and the Variable metric (VM) method [18], [19].
However, the convergence speed of the former is slow, while the latter
is less reliable since it frequently falls into local minima. Reasonably
rapid solutions are in a class of gradient methods that utilizes DIK
at each step of iterations. The LM method shows a high stability of
computation among them. Although the convergence performance of
the LM method depends on the choice of the damping factor, this issue
has not been sufficiently discussed so far.

This paper proposes a way to choose the damping factor of the
LM method for IK by which the computation becomes robust against
the problems of both singularity and solvability and fast convergent.
Robustness and convergence performance are achieved by a rather
simple method to use the squared norm of residual for the damping
factor. A similar method was proposed by Chan and Lawrence [20],
which has a problem that the computation becomes unstable if the goal
position and orientation of the link of interest is set near the singu-
lar points. The proposed method resolved this problem by slightly
biasing the damping factor. The performance was evaluated on a
12-DOF redundant manipulator model with comparisons to conven-
tional methods, where only the proposed method marked 100% success
in all the tests.

II. REVIEW: MINIMIZATION APPROACH TO INVERSE KINEMATICS

This section summarizes and reviews the conventional numerical
methods, particularly the ones based on minimization approaches for
IK.

The robot kinematics is represented by a set of algebraic constraint
equations on the joint configuration vector q = [q1q2 . . . qn ]T ∈ R

n ,
where n is the number of joints. Limitation of the joint motion range
is not taken into account in this paper. Let us define the residual of ith
constraint equation ei ∈ R

3 as

ei (q) ≡
{

dpi − pi (q) (position constraint)
a(dRiR

T
i (q)) (orientation constraint)

(1)
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where pi ∈ R
3 and dpi ∈ R

3 are the position and its desired value of
the link of interest, respectively, and Ri ∈ SO(3) and dRi ∈ SO(3)
are the orientation and its desired value of the link of interest, respec-
tively. In addition, a(R) ∈ R

3 for an arbitrary R ∈ SO(3) means the
equivalent angle-axis vector, the way to compute which is described in
Appendix A. The constraints include ones due to tasks and the others
due to mechanisms such as closed loops, while they are not distin-
guished hereafter. Let the number of all the constraints 3 m and define
the residual vector e(q) ∈ R

3m as

e(q) ≡ [ eT
1 (q) eT

2 (q) . . . eT
m (q) ]T . (2)

IK comes down to solving the following nonlinear equation:

e(q) = 0. (3)

The conventional IK that is based on the NR method tries to reach
q = q∗ which satisfies Eq. (3), from a certain initial value q0 by the
following updating rule:

qk+1 = qk −∇e(qk )−1ek (4)

where k is the step of iteration, and ek ≡ e(qk ). The basic Jacobian
matrix J(q) is also available instead of ∇e as

∇e(qk ) � −J k (5)

where J k ≡ J(qk ). The above formulation implies the following three
assumptions:

1) The number of constraints and the DOF of the robot are the same,
i.e., n = 3 m.

2) J k is always regular.
3) Equation (3) is solvable.
Even if one of them is violated, the iteration will be bankrupted.
In order to discuss the IK solver that will not be bankrupted in un-

solvable cases, let us replace the original equation (3) with the following
minimization problem (QP):

E(q) ≡ 1
2
eT W E e → min. (QP)

where W E = diag{wE ,i}(wE ,i > 0 for ∀i = 1 ∼ 3m) is the
weighting matrix in order to reflect the priority level of each constraint
and also to absorb the difference of the physical metric between each
constraint. Note that this is not an equivalent replacement but implies
that the safety is prioritized over finding the true solution by avoiding
an abnormal computation for practical applications.

Here, we point out the following important fact. When a gradient
method is applied to the minimization problem, ∇E = 0T is satisfied
at the convergent point. From the definition of E(q),

∇E = eT W E ∇e � −eT W E J , (6)

and thus, the convergent point is a singular point if it is not the solu-
tion of (3). Therefore, the problem of singularity is unavoidable if the
original equation is unsolvable.

The NR method is still available to the problem (QP) in a slightly
different form from (4). By differentiating (6), we get

∇2E = ∇eT W E ∇e +
n∑

i=1

∂∇e

∂qi

W E e

� JT W E J −
n∑

i=1

∂J

∂qi

W E e (7)

where (5) is applied.
∂J

∂qi

is called manipulator Hessian [21]–[23].1

The updating rule of the NR method that is based on (7) is given as

qk+1 = qk +

(
JT

k W E J k −
n∑

i=1

∂J k

∂qi

W E ek

)−1

gk (8)

gk ≡ JT
k W E ek . (9)

This method was proposed by Deo and Walker [24]. However, the
manipulator Hessian requires a large computational cost, and moreover,
it does not guarantee the decrease of E since the coefficient matrix is
not necessarily positive definite so that it is not still globally convergent.
Now, our aim is not to know the exact curvature of E but to know the
descent direction of E . Hence, it is better to use an appropriate positive
definite matrix instead of ∇2E .

If the latter term of (7) is omitted, it is equivalent with the Gauss–
Newton (GN) method [25], where the updating rule is defined as

qk+1 = qk + (JT
k W E J k )−1gk (10)

which is equivalent with the usage of the weighted norm-minimizing
generalized inverse matrix of J k instead of ∇e(qk )−1 in (4). This
method was proposed by Anderson and Angeles [26] as a solution of
DIK. Although the updating rule (10) is not available if J k is not full-
rank, namely, at the singular points, this is resolved if the MP-inverse
matrix is used instead [6]. The problem is rather that the coefficient
matrix becomes ill-posed, and the computation becomes unstable in
the vicinity of the singular points as pointed out by Nakamura and
Hanafusa [10]. In [24], a method to use (8) only near the singular
points and (10) in the other area is proposed. It requires to judge if the
robot configuration is near the singular points every step of iteration,
and thus, is disadvantageous in terms of computational cost.

The LM method [13], [14] resolves the above problem and is defined
by the following updating rule:

qk+1 = qk + H−1
k gk (11)

Hk ≡ JT
k W E J k + W N (12)

where W N = diag{wN ,i}(wN ,i > 0 for ∀i = 1 ∼ n) is called the
damping factor. The solution of IK using the LM method was proposed
by Goldenberg et al. [27]. The LM method does not require the com-
putation of the manipulator Hessian and guarantees the decrease of E
since Hk is always regular and positive definite, and the increment
term of (11) is always oriented to the descent direction. This is the
simplest form of Tikhonov’s regulation [28], and is interpreted that
the following mixed minimization problem is solved in each step of
iterations [10]:

1
2
rT

k W E rk +
1
2
ΔqT

k W N Δqk → min. (13)

where Δqk ≡ qk+1 − qk , and rk ≡ ek − J k Δqk . Hence, qk con-
verges to a certain value even in redundant cases, taking the minimum
deviation.

To summarize this section, the minimization approach with the LM
method is more preferable than the other methods from the viewpoint
of numerical robustness in unsolvable cases, which necessarily causes
a convergence to singular points, even on redundant robots.

1This is a third-order tensor. It should not be confused with ordinary Hessian
matrix or its determinant.
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III. IMPROVED ERROR DAMPING LEAST SQUARE METHOD IN

INVERSE KINEMATICS

In the LM method, the choice of the damping factor W N largely af-
fects the convergence performance. Many methods to choose W N have
been proposed such that they use a constant value [11], the measure of
manipulability [10], [29], [30], suppression of the minimum singular
value of the coefficient matrix under a threshold [31], [32], suppres-
sion of the condition number of the coefficient matrix under a thresh-
old [33], [34], explicit limitation of the increment of the configuration
vector [35]–[37], the adjoint vector of the residual of higher priority
constraints [38], and so forth. They were considered to keep better local
numerical conditions from the viewpoint of DIK, and the discussion
from the viewpoint of the convergence performance of iteration was
almost out of scope. On the other hand, Chan and Lawrence [20] pro-
posed the error damped least-squares method that defines the damping
factor as

W N = λEk 1 (14)

where λ is a constant coefficient and does not have a significant effect;
λ = 1 is acceptable, Ek ≡ E(qk ), and 1 is the n × n identity matrix.
If the original equation (3) is solvable, Ek quadratically converges to 0
while qk converges to the solution, and thus, the iteration is expected to
be superlinearly convergent [39]. However, if the solution is near one
of the singular points, the coefficient matrix will become numerically
ill-posed as it approaches to the solution.

We propose to modify it as

W N = Ek 1 + W N (15)

where W N = diag{wN ,i}, and (wN ,i > 0 for ∀i = 1 ∼ n) are small
biasing values. Suppose all wN ,i are equally wN , namely, W N =
wN 1 for simplicity, and the singular value decomposition is conducted
to W

1/2
E J k as

W
1/2
E J k = UΣV T (16)

where W
1/2
E means diag{√wN ,i}, U and V are orthonormal matri-

ces, and Σ = diag{σi} is a square matrix in which the singular values
are diagonally assigned in descent order, i.e., σ1 ≥ σ2 ≥ · · · ≥ σn .
Since

Hk = V ΣUT UΣV T + (Ek + wN ) 1

= V
{
Σ2 + (Ek + wN ) 1

}
V T (17)

the condition number of Hk κ is

κ =
σ2

1 + Ek + wN

σ2
n + Ek + wN

. (18)

It states the following facts.
1) If Eq. (3) is solvable and the solution is far from the singular

points, W N quadratically converges to W N . If W N is suffi-
ciently small, the iteration is superlinearly convergent as well as
the Chan et al’s method.

2) If Eq. (3) is solvable and the solution is near one of the singular

points, κ converges to
σ2

1 + wN

wN

. Therefore, wN is necessary to

prevent Hk from degeneracy.
3) If Eq. (3) is unsolvable, κ becomes close to 1 as Ek increases. It

suggests an interesting fact that the larger the norm of ek during
the iteration, the more stable the computation. This property is

also expected from an equation ‖H−1
k gk ‖ � 1

‖ek ‖
.

Although there still remains room for discussion about how to choose
wN , it only matters in the aforementioned case 2 where the solution

Fig. 1. Kinematics model of the tested manipulator comprising five
links and four spherical joints. The lengths of the three links are all
0.15 [m], while the end-effector’s length is 0.05 [m].

TABLE I
PARAMETERS FOR LM(NH), LM(MWM), AND LM(CHI)

Fig. 2. In the first test, the target position of the endpoint is moved from 0.1
to 1.0 [m] step-by-step.

is near one of the singular points. As stated in the case 1, a smaller
value shows a better convergence. How small value can be accepted
depends on σ1 . Although it is not easy to estimate σ1 , we have an em-
pirical knowledge that the computation sufficiently robustly converges
with wN � 1.0 × 10−1 l2 ∼ 1.0 × 10−3 l2 at least for the characteristic
length, i.e., the length of a typical link, l = 0.1 ∼ 100 [m].

In order to guarantee the global convergence of the LM method in
general, it is known that a linear search algorithm such as the Moré–
Thuente method [40] should be combined. In the following section,
however, it will be empirically shown that the proposed method has
sufficient convergence performance without a linear search.

IV. EVALUATIONS

The proposed method was evaluated in terms of the convergence
performance and the computation time with a redundant manipulator
model as shown in Fig. 1. This model has 12 DOF, in which five
links are serially connected by four spherical joints. The link lengths
are all 0.15[m], and the distance from the center of rotation of the
effector’s joint to the endpoint is 0.05 [m]. The effector position means
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Fig. 3. Error comparison between SD, GN, LM(λ =const.), LM(NH), LM(CL), LM(proposed), LM(MWM), LM(Chi), VM, and VM(MT). All methods except
for LM(CL) and LM(proposed) failed to get the minimum solution particularly in unsolvable range. VM made the results diverged in some cases. All results of
VM(MT) were captured by local minima. (a) SD method, (b) GN method, (c) LM(λ = 0.001), (d) LM(λ = 0.01), (e) LM(λ = 0.1), (f) LM(NH), (g) LM(CL),
(h) LM(proposed), (i) LM(MWM), (j) LM(Chi), (k) VM, and (l) VM(MT).

Fig. 4. Computation time comparison between SD, GN, LM(λ =const.), LM(NH), LM(CL), LM(proposed), LM(MWM), LM(Chi), VM, and VM(MT).
Except for the proposed method, all methods failed to terminate iterations in some cases. Particularly, LM(Chi) consumed incomparably long time. Although
the result of VM(MT) showed fast convergence, they were all captured by local minima. See Fig. 3. (a) SD method, (b) GN method, (c) LM(λ = 0.001),
(d) LM(λ = 0.01), (e) LM(λ = 0.1), (f) LM(NH), (g) LM(CL), (h) LM(proposed), (i) LM(MWM), (j) LM(Chi), (k) VM, and (l) VM(MT).

the endpoint position hereafter. The following 12 methods were also
evaluated for comparison.

1) SD: the steepest descent method.
2) GN: the GN method with a weighted MP-inverse matrix.
3) LM(λ = 0.001, 0.01, 0.1): the LM method with a constant λ for

W N = λ1 (three sets).
4) LM(NH): the LM method with Nakamura and Hanafusa’s

method [10].
5) LM(MWM): the LM method with Mayorga–Wong–Milano’s

method [34].
6) LM(Chi): the LM method with Chiaverini’s method [31].

7) LM(CL): the LM method with Chan and Lawrence’s method
[20].

8) LM(proposed): the proposed version of the LM method.
9) VM: variable metric method based on the Broyden-Fletcher-

Goldfarb-Shanno (BFGS) formula without a linear search.
10) VM(MT): the variable metric method based on the BFGS for-

mula with More-Thuente method [40] for a linear search.
The updating rule for SD was

qk+1 = qk − Ek

gT
k gk

gk (19)
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Fig. 5. Error comparison between SD, GN, LM(λ =const.), LM(NH), LM(CL), LM(proposed), LM(MWM), LM(Chi), VM, and VM(MT) near the boundary of
the solvable range. Note that the ranges of the vertical axes of (i) LM(MWM) and (l) VM(MT) are different from the other graphs as well as from the corresponding
parts in Fig. 3 due to their incomparably lower accuracy. While LM(CL) showed unstable behavior, the proposed method succeeded in all cases. Although
LM(Chi) showed successful results, it consumed long time for computations. See Fig. 6. (a) SD method, (b) GN method, (c) LM(λ = 0.001), (d) LM(λ = 0.01),
(e) LM(λ = 0.1), (f) LM(NH), (g) LM(CL), (h) LM(proposed), (i) LM(MWM), (j) LM(Chi), (k) VM, and (l) VM(MT).

Fig. 6. Computation time comparison between SD, GN, LM(λ =const.), LM(NH), LM(CL), LM(proposed), LM(MWM), LM(Chi), VM, and VM(MT) near the
boundary of the solvable range. Although the proposed method took long time exactly at the boundary, the result was correct. In addition, any other methods did
not show better performance than the proposed method. (a) SD method, (b) GN method, (c) LM(λ = 0.001), (d) LM(λ = 0.01), (e) LM(λ = 0.1), (f) LM(NH),
(g) LM(CL), (h) LM(proposed), (i) LM(MWM), (j) LM(Chi), (k) VM, and (l) VM(MT).

which was based on the estimated minimizer in accordance with the
approximated E(q) by a quadratic function around qk .

MP-inverse solution was implemented with LQ decomposition,
which was faster than the singular value decomposition. See Appendix
B, for details.

LM(NH), LM(MWM), and LM(Chi) are implemented according to
each paper. All these methods need the maximum damping factor and
a threshold as design parameters, the choice of which is not trivial. We
designed them as shown in Table I through some trials and errors for

the evaluations in this section; it was hard to find another set of those
values that presented better results in terms of the computation time
and accuracy at least in the tests.

wN = 1.0 × 10−3 was chosen for the proposed method.
For all iterations, W E = 1 was adopted, and the initial value was reset
for q0 = [0 0 0 0 0 0]T in every test—note that it is a singular point.
The iteration was terminated when one of the following conditions
were satisfied.

a) All components of Δqk are less than ε = 1.0 × 10−12 .
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Fig. 7 History of weighted-squared residual in iterations (Left: From 0 to 300
step. Right: From 7 to 300 step).

Fig. 8 History of condition number in iterations.

b) The deviation of ‖ek ‖ from the previous step was less than
δ = 1.0 × 10−12 .

c) The number of iteration steps was over 10 000.
In the first test, IK was tried to be solved, in which the desired

effector position and orientation were set for

dp =

⎡
⎣ xd

0
0

⎤
⎦ , dR =

⎡
⎣ 0 0 1

0 1 0
−1 0 0

⎤
⎦ (20)

as depicted in Fig. 2. Fifty cases where xd was set for the value from
0.1 to 1.0 equally divided by 50 were examined. Since the maximum
extension length of the manipulator was 0.5[m], the problem became
unsolvable when xd ≥ 0.5. Figs. 3 and 4 show the norms of residual
at termination and the computation times, respectively, for the afore-
mentioned 12 methods. The dotted line in Fig. 3 means the minimum
norm of residual from the desired position and orientation in theory.
Namely, if the point for the norm of residual at termination is on this
dotted line, the computation is regarded to be successful. Only LM(CL)
and LM(proposed) succeeded in all the cases, while the convergence
performance was degraded near xd = 0.5 in LM(CL) as shown in
Fig. 4(g). SD, GN, LM(λ = 0.001, 0.01, 0.1), LM(NH), LM(MWM),
and LM(Chi) frequently failed in unsolvable cases. Although the suc-
cess rate of VM was comparatively high in these cases, it diverged in
some cases, and more seriously, it was not clear under what condition
it diverged. All the results of VM(MT) were captured at local minima
and never reached the minimizer.

The second test was to solve IK for fifty cases in which xd was set
for the value from 0.49 to 0.51 equally divided by 50 in order to inves-
tigate the behavior around xd � 0.5, which is the limitation of solv-
ability. Figs. 5 and 6 show the norms of residual at termination and the
computation times, respectively. LM(λ = 0.001, 0.01, 0.1), LM(NH),
LM(Chi), and LM(proposed) succeeded in all the cases. Note that any
of those methods cannot avoid the degradation of convergence perfor-
mance exactly at xd = 0.5, as shown in Fig. 6(c)–(f) and (h). On the
other hand, LM(CL) frequently failed in this test as predicted in the
previous section. VM still randomly failed, and VM(MT) was captured
at local minima in all the cases. Fig. 7 shows a series of changes of the
evaluation function Ek in the iteration process of the tested methods

TABLE II
RESULT OF RANDOM TEST ×1000

for xd = 0.502, which is near the singular point, where the results of
LM(λ = 0.01, 0.1) and VM are not plotted. It matches with an expec-
tation that SD is linearly convergent, LM(CL) and LM(proposed) are
superlinearly convergent, and the others are quadratically convergent.
Although LM(CL) on the left side of the same figure seems to converge,
the right side of the same figure, in which the changes of Ek after the
seventh step of the iteration are plotted, exposes that the method does
not converge in the final stage of computation. Fig. 8 shows the change
of the condition number κ in the iteration process of each method.
One can find that it converges to about 16 in LM(proposed) as well
as the other successful methods, while it fluctuates from about ten to
hundreds in LM(CL) so that the convergence performance is degraded.

In the last test, IK was examined 1000 times for the desired positions
and orientations that were randomly sampled in a 1.2 × 1.2 × 1.2[m3 ]
cubic area whose center was at the center of rotation of the first joint.
The rates of success and the average computation times at successes
are listed in Table II in the order of higher rate of success. LM(Chi) was
excluded from the comparison methods since its average computation
time was by far the longest in all the results. If the gap between the
norm of residual by each method and the minimum value of them by the
12 methods was less than 1.0 × 10−6 , it was regarded to be a success,
since it was unable to know the true solution of each case in the test.
It is noteworthy that only the proposed method marked 100% success
rate. The success rates of the other methods except for LM(CL) were
all under 50%. Particularly, VM(MT) failed in all the cases. Despite
the success rate of VM was comparatively high in the previous test, it
succeeded in only one case in this test. It means that the variable metric
method in general is not reliable.

About the computation time, it stands to reason that the GN method
was the fastest when succeeded. However, the GN method was five
times as fast as the proposed method—not remarkably faster than the
proposed. The proposed method was also competitive with the other
comparatively successful methods which include LM(CL), LM(λ =
0.001), and LM(NH). Namely, the proposed method does not sacrifice
the computation time instead of high rate of success.

One can conclude that the proposed method is the most practical
among the 12 methods.

V. APPLICATION

The proposed IK solution was implemented on a motion editing
software for humanoid robots as an application. It utilizes an intuitive
pin-and-drag interface proposed by Yamane and Nakamura [41]. Fig. 9
shows some screenshots of it. A difficulty of such a software is that
the relationship between the number of constraints and the DOF of the



990 IEEE TRANSACTIONS ON ROBOTICS, VOL. 27, NO. 5, OCTOBER 2011

Fig. 9 Snapshots of a humanoid robot motion editor.

robot frequently varies. Particularly, in the overconstraint cases where
the number of constraints is more than the robot DOF, the problem will
necessarily become unsolvable. Hence, a solvability-unconcerned IK
solver such as the proposed method is crucial.

The number of constraints in each scene in Fig. 9 were 12 (position
and orientation of the right foot and positions of two points of the left
toe) for the top left, 15 (position of the left hand in addition) for the
top right, 18 (position of the right hand in addition) for the bottom
left, and 18 (position and orientation of the right foot, positions of two
points of the left toe and position and orientation of the trunk) for the
bottom right, respectively. In the top two situations, the robot converged
to a certain posture that satisfied the specified constraints in spite of
redundancy. In the bottom-left situation, the goal position of the right
hand was located out of reach. Namely, this is a result of an unsolvable
case, and the robot posture in the figure is a singular point. During the
editing process of the bottom-right posture, the goal positions of the
trunk and the right foot were repeatedly drawn away from each other
so that the robot frequently fall into singular points. In spite of that, the
robot posture was stably edited; it was neither captured at the singular
points nor oscillated.

In the software developed by Yamane et al., the robot configuration
tracks the goal by a resolved motion rate from the velocity of the link
of interest which compensates the error of position and orientation.
Thus, the convergence performance depends on both the potential of
DIK solver and the velocity of the link of interest. On the other hand,
in the author’s software, iterative computations are conducted in every
step, which achieves a sufficiently interactive operation for a 26-DOF
anthropomorphic robot model [42]. The weights on the pinned points
and the dragged point were 1.0 and 0.1, respectively. The prioritized
DIK that is based on the null space [43] was not utilized. In order to
cope with the limitation of the joint motion range, the software adopts

a simple technique that truncates the joint displacement value by its
limit.

VI. CONCLUSION

A numerical IK solution which is based on the LM method was
proposed. It is robust against the problems of singularity, redundancy,
and even solvability. A simple technique that defines the damping factor
as the squared norm of residual with a slight bias does not require a
heavy computation of the measure of manipulability, the minimum
singular value of the coefficient matrix, and so forth. In spite of that, it
is superior to the conventional methods in terms of the rate of success.
In fact, it has never failed in the author’s experiences. It is expected
that it superlinearly converges in theory, while it was also empirically
evaluated to be sufficiently fast in practice. Although there is room for
discussion about how to choose the biasing value, it marked robust
convergence performance when it was set for 1.0 × 10−1∼1.0 × 10−3

times as large value as the characteristic length of the robot, as noted
in Section III. This fact provides an advantage to the conventional
methods that do not have a clear policy to decide the design parameters
and are sensitive to those parameters.

The proposed method is expected to be a fundamental technique to
build software tools, particularly, remote operation systems and motion
editors for a large-scale robot such as humanoid robots, which enables
easy and safe handling of a variety of motion for novice users.

APPENDIX A

CONVERSION FROM AN ORIENTATION MATRIX TO THE EQUIVALENT

ANGLE-AXIS VECTOR

Let us define the following vector with respect to an orienta-
tion matrix R = {rij} ∈ SO(3)(i = 1 ∼ 3, j = 1 ∼ 3):

l ≡

⎡
⎣ r32 − r23

r13 − r31
r21 − r12

⎤
⎦ . (21)

If R is not a diagonal matrix, l is not the zero vector, and an
angle-axis vector a which is equivalent to R is computed as

a(R) ≡ atan2 (‖l‖, r11 + r22 + r33 − 1)
‖l‖ l. (22)

If R is a diagonal matrix, there are four cases
where (r11 , r22 , r33) = (1, 1, 1), (1,−1,−1), (−1, 1,−1) or
(−1,−1, 1). If two of (r11 , r22 , r33) are −1, a is defined as

a ≡ π

2

⎡
⎣ r11 + 1

r22 + 1
r33 + 1

⎤
⎦ . (23)

if (r11 , r22 , r33) = (1, 1, 1), then a ≡ 0.
Luh et al. [44] proposed an idea to use l in (21) rather than

a directly for the orientation error evaluation, which wrongly
copes with the above four cases that R is diagonal. The method
which is described in this section solves the problem.

APPENDIX B

MOORE–PENROSE’S-INVERSE SOLUTION WITH LQ DECOMPOSITION

Let us decompose the basic Jacobian matrix Jk into the fol-
lowing multiplication form of two matrices L and Q:

Jk = LQ, (24)
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where L is a column-full-rank lower triangle matrix, and Q is an
orthonormal matrix. This operation is called LQ decomposition,
which is available for an arbitrary Jk .

MP-inverse matrix of Jk , J∗
k , is computed from L and Q as

J#
k = QT(LTW E L)−1LTW E . (25)

MP-inverse solution can be efficiently implemented in such a
way that an equation LTW E Lv = LTW E ek is solved first
for v by the Gauss elimination method, and then, qk+1 = qk +
QTv.
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