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Abstract— A novel method to compute the contact force in
forward dynamics simulation of rigid bodies based on contact
volume is proposed. The conventional methods are based on
contact vertices, where the normal and tangential directions
are estimated with respect to each pair of facets or facet and
vertex of colliding bodies. However, the normal direction is
intrinsically determined based on the solid deformation. This
paper proposes a novel method that combines the constraint-
based method and the volumetric intersection computation.
Since the method estimates a 6-axis resultant force directly,
there are two problems that are how to predict the preferred
deformation of the volume and how to confirm the friction
limit. The idea is to apply the least-square method for the
former and to check if the computed force can be resolved
into each stress within the friction limit. The proposed method
checks the condition with linear programming method through
a pyramidal approximation.

I. INTRODUCTION

The contact force computation is a crucial issue for
dynamics simulations of rigid bodies that mutually interact.
From the physical point of view, the contact causes micro-
scopic deformation of bodies, and a resistive effect against
the deformation yields the contact force. On the other hand,
the rigid body approximation does not model such almost-
invisible deformations. Thus, the key problems are (i) how to
reproduce the ignored deformation and (ii) how to estimate
the force that compensates it.

In terms of the above problem (i), it is effective in practice
to distinguish the normal and tangential directions along
which the normal and friction forces act, respectively. In
many conventional implementations, those directions are es-
timated with respect to each pair of facets or facet and vertex
of colliding bodies. However, the normal direction in reality
is statistically determined based on the solid deformation,
while neither facets nor vertices have volume. Accordingly,
such a volume-free estimation often fails [1].

Hasegawa et al. [2] proposed an idea to determine the
normal direction based on the volumetric intersection of
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bodies. It supposes that the bodies are separated by a plane
and the contact force is the spatial integral of stress that is
produced by each volume element compressed on the plane.
The stress is evaluated from penetration, which is thought to
be a reflection of compression, of the elements. The method
successfully provides a reasonable estimation of the normal
direction. One problem is that it is basically a version of
penalty-based methods, in which the history of microscopic
deformation has to be finely tracked with a small discrete
time step so that the total computation time increases. This
is related to the above problem (ii).

A macroscopic model, which is so-called a constraint-
based method, was also proposed [3][4][5][6]. It inversely
estimates the impulse exerted to the bodies from the preferred
change of velocity and is widely acknowledged as it enables
stable simulations of contact with a large time step. A known
problem of this approach is that it often causes chattering of
contact forces since it forcibly constrains contact points. The
authors [7] developed an idea to relax the constrains based
on the penetration amount of contact vertices.

This paper proposes a novel computation method of the
contact force based on a combination of the volumetric
intersection and the relaxed macroscopic model. A 6-axis
impulse (the time integral of force and torque) exerted to the
body is directly estimated. Two questions to be additionally
addressed are how to predict the preferred deformation of
the collision volume in future and how to find a reasonable
contact impulse under the limit of friction. It is not trivial to
answer the former question since the contact points are on an
identical rigid body so that they do not move independently.
The idea is to apply the least-square method and negotiate
with the resulted motion of the body. For the latter, it is
checked if a tentative torque computed from the preferred
motion can be resolved into each contact stress within the
friction cone. A pyramidal approximation of the cone works
to make the linear method available. The method is evaluated
in aspects of stability, accuracy and computation time.

II. COMPUTATION OF CONTACT FORCES BASED ON
CONTACT VOLUME

A. Restitution Direction and Contact Plane

Suppose that the shape of a body is modeled as a convex
polyhedron. The ith contact solid Vi where the body BiA
contacts with the body BiB is also a convex polyhedron. Fig. 1
depicts an idea to determine the restitution direction nnni of Vi
as follows:
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Fig. 1. normal vector of contact solid

nnni = norm

(
∑

j
(sgn(Pi, j)Si, jnnni, j)

)
(1)

where

norm(xxx)≜
{

xxx
∥xxx∥ if ∥xxx∥ ̸= 0,

000 otherwise,
(2)

sgn(Pi, j)≜
{
−1 if Pi, j ∈ LiA ,

1 if Pi, j ∈ LiB ,
(3)

Pi, j is the jth plane of the planes that compose Vi, Si, j
is the area of Pi, j, nnni, j is the normal vector of Pi, j, and
Li∗ are the set of the planes that compose Bi∗ in Pi, j. This
computation is the same with Springhead[8] which is an open
source physics simulator and Hasegawa et al.’s method[2].
This restitution direction means the direction which reduces
the volume of the contact solid the most when BiA moves
along nnn and BiB moves along −nnn infinitesimally.

The contact plane is set such that it passes the barycenter
pppi0 of Vi with the normal vector nnni under the assumption
that the bodies have the same stiffness.

B. Ideal Velocity-level Constraint of Distributed Force
The contact force is modeled as distributed stress on the

contact plane. Let the stress on the ith contact plane Si
be fff i(ppp) ∈ R3, where ppp ∈ Si is a position vector on the
plane. A robot manipulator is modelled as a rigid multibody
Articulated by joints. Its equation of motion is represented
as

HHHq̈qq+bbb = τττ +∑
i

∫
ppp∈Si

JJJi(ppp)T fff i(ppp)dS (4)

where qqq ∈ Rn is the joint displacement, n is the degree of
freedom of the manipulator, HHH ∈ Rn×n is the inertia matrix,
bbb is the centrifugal, Coriolis and gravitational force, τττ is the
joint actuation force, JJJi(ppp)∈R3×n is the Jacobian matrix that
transforms infinitesimal joint displacement to infinitesimal
deviation of ppp , and dS is an infinitesimal area at ppp.

The constraint methods based on contact points compute
the contact forces to satisfy the contact constraint of the ideal
relationship between the contact velocity and the contact
force. In the same way, the proposed method applies the
following constraints to all points ppp on the contact plane:

( fin(ppp)≥ 0 ∧ vin(ppp) = 0) ∨ ( fin(ppp) = 0 ∧ vin(ppp)≥ 0),

(5)
(∥ fff is(ppp)∥ ≤ µs fin(ppp) ∧ ∥vvvin(ppp)∥= 0) ∨
( fff is(ppp) =−µk fin(ppp)norm(vvvis(ppp)) ∧ ∥vvvis(ppp)∥ ̸= 0)

(6)

where vvvi(ppp) ∈ R3 is the relative velocity of ppp and xin(ppp) =
nnnT

i xxxi(ppp),xxxis(ppp) = xxxi(ppp) − xin(ppp)nnni for arbitrary vector xxx.
Equation (5) means the complementarity condition between
the restitution force and the velocity. Equation (6) means
Coulomb friction law.

To summarize, the computation of the contact forces is
to find all fff i(ppp) which satisfy (5) and (6) based on the
differential equation (4).

C. Equation of Motion with Respect to 6-axis Contact Force

Since it is hard to find all combinations of vvvi(ppp) and fff i(ppp)
directly, the problem is replaced to the formulation regarding
the resultant force and the 6-axis relative velocity of the rigid
bodies. The relative velocity v̂vviAB ∈ R6 from BiA to BiB is
defined as follows:

v̂vviAB = v̂vviB − v̂vviA , (7)

where

v̂vvi∗ =

[
vvvi∗ +(pppi∗ − pppi0)×ωωω i∗

ωωω i∗

]
, ∗ ∈ {A,B} (8)

and vvvi∗ ,ωωω i∗ are the linear and angular velocities at the origin
of the fixed frame on Bi∗ . The relative velocity vvvi(ppp) is
represented as follows using v̂vviAB :

vvvi(ppp) = KKKi(ppp)v̂vviAB , (9)

where KKKi(ppp) =
[
111 − [(ppp− pppi0)×]

]
, 111 is the identity matrix

and [xxx×] for an arbitrary vector xxx is the outer product matrix.
Equation (9) yields the relationship between JJJi(ppp) and the
Jacobian matrix JJJiAB that transforme q̇qq to v̂vviAB as follows:

JJJi(ppp) = KKKi(ppp)JJJiAB . (10)

Substituted to (10), the equation of motion (4) is represented
as follows:

HHHq̈qq+bbb = τττ +∑
i

JJJT
iAB

f̂ff iAB
, (11)

where f̂ff iAB
∈ R6 is the resultant force on pppi0 and

f̂ff iAB
=
∫

ppp∈Si

KKKi(ppp)T fff i(ppp)dS. (12)

Equation (11) means that the motion of the robot is solved
completely even without finding the distributed stress if the
resultant contact force f̂ff iAB

is computed.

D. 6-axis Contact Constraint by Least Square Method

In order to find fff i subject to the conditions (5) and (6), one
of the representative methods solves the following equation:

vvvi(ppp) = 000, ppp ∈ Si for all i. (13)

Equation (13) means the assumption that the static friction
force acts over the whole area of the contact plane. If
the solution of the equation does not satisfy (5) and (6),
the solution is modified to satisfy them. Wakisaka et al.[7]
pointed out that the equality (13) is an overconstraint that
the computed contact forces tend to be unreasonable, and
proposed a method in which a compensation term is added
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Fig. 3. 6-axis relative velocity constraint by least square method

to the constraint and the contact forces is computed by solv-
ing the relaxed constraint equation using the regularization
technique. Instead of solving (13) directly, the method solved
the optimization problem with the evaluation function which
equals the norm of the contact force added to the sum of
the square errors of the contact constraint compensating
the penetration. The same idea is applied to (13). The
penetration of the contact bodies is compensated by the
following constraint as shown in Fig. 2:

vvvi(ppp) =−khi(ppp)nnni, ppp ∈ Si for all i, (14)

where hi(ppp) is the penetration depth from the surface of the
bodies to ppp, and k is a compensation coefficient. Since the
contact points on the plane do not move independently, to
apply least-square method, the constraint in terms of 6-axis
velocity is derived as shown in Fig. 3. The square error of
the constraint (14) is represented as follows:

Ei(ppp) =
1
2
∥vvvi(ppp)+ khi(ppp)nnni∥2. (15)

The sum of square errors on Si is derived by the integration
of Ei(ppp) and (9) as follows:

Eisum =
∫

Si

Ei(ppp)dS

=
1
2

v̂vvT
iAB

QQQi(ppp)v̂vviAB + knnnT
i ccci(ppp)v̂vviAB +ααα i(ppp), (16)

where

QQQi(ppp) =
∫

Si

KKKi(ppp)TKKKi(ppp)dS, ccci =
∫

Si

hi(ppp)KKKi(ppp)dS (17)

and ααα i is the term which is irrelevant to v̂vviAB . The matrix QQQi
and the vector ccci are computed by integrating each planes
Pi, j as follows:

QQQi = ∑
j

Si, j

[
111 −[pppi, j123

×]

[pppi, j123
×] −

[pppi, j12
×]2+[pppi, j23

×]2+[pppi, j31
×]2

3

]
,

(18)

ccci = ∑
j

Si, j

[
hi, j123 111 −

hi, j12 [pppi, j12
×]+hi, j23 [pppi, j23

×]+hi, j31 [pppi, j31
×]

3

]
,

(19)

Fig. 4. computing QQQi,ccci by integration on the contact plane

where Si, j is the area of the projected plane from Pi, j to Si,

pppi, j123
=

pppi, j1 + pppi, j2 + pppi, j3
3

, pppi, jx,y =
pppi, jx + pppi, jy

2
,

hi, j123 =
hi, j1 +hi, j2 +hi, j3

3
, hi, jx,y =

hi, jx +hi, jy

2
(20)

and pppi, j∗ ,hi, j∗ ,∗ ∈ {1,2,3} are the projected point on Si
and the depth from Si of ∗th vertex of Pi, j respectively.
Fig. 4 shows these variables visually. The proposed method
computes the contact force to solve the following regularized
constraint

fff = argmin
fff

∑
i

(
Eisum +

1
2

λ fff T
iAB

fff iAB

)
= argmin

fff

(
1
2

vvvTQQQvvv+ knnnTcccvvv+
1
2

λ fff T fff
)
, (21)

where fff = [ f̂ff
T
1AB

· · · f̂ff
T
mAB

]T ∈R6m, vvv = [v̂vvT
1AB

· · · v̂vvT
mAB

]T ∈R6m,
QQQ = diag{QQQi}, nnn = [nnnT

1 · · ·nnnT
m]

T, ccc = [cccT
1 · · ·cccT

m]
T, m is the

number of contact volumes and λ is the regularization factor.

E. Discretized 6-axis Contact Force Constraint

In order to solve the optimization problem (21), the differ-
ential equation (11), the constraint (21) and the relationship
between vvv and q̇qq are discretized with an implicit Euler
integration, respectively, as follows:

HHH[k]
q̇qq[k+1]− q̇qq[k]

∆ t
+bbb[k] = τττ [k]+ JJJ[k]T fff [k] (22)

fff [k] = argmin
fff [k]

(
1
2

vvv[k+1]TQQQ[k]vvv[k+1]

+knnn[k]Tccc[k]vvv[k+1]+
1
2

λ fff [k]T fff [k]
)

(23)

vvv[k+1] = JJJ[k]q̇qq[k+1], (24)

where ∆ t is the integration time step and xxx[k] is the vector
or matrix at t = k∆ t. It is assumed that the changes of
HHH,bbb,JJJ, fff ,τττ,QQQ,ccc is negligibly small during ∆ t. These equa-
tions yield the following optimization problem:

fff [k] = argmin
fff

(
1
2

fff TAAA[k] fff + lll[k]T fff
)
, (25)

where

AAA[k] = AAAs[k]TQQQ[k]AAAs[k]+λ111

AAAs[k] = JJJ[k]HHH[k]−1JJJ[k]∆ t

lll[k] =
(
llls[k]TQQQ[k]+ knnn[k]Tccc[k]

)
AAAs[k]

llls[k] = JJJ
(
q̇qq[k]+HHH[k]−1 (uuu[k]−bbb[k])∆ t

)
. (26)
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To summarize, a candidate of the contact force is com-
puted by solving the problem (25), and then, the solution
should be modified to satisfy the friction constraint.

III. MODIFICATION OF COMPUTED FORCES BASED ON
FRICTION CONSTRAINT

A. Basic idea

Friction conditions are not considered in the quadratic
problem (25). The distributed contact stress must satisfy the
friction condition at each point. However, since the computed
6-axis resultant forces cannot be decomposed to individual
distributed stress uniquely, it cannot be confirmed directly
whether the 6-axis force satisfies the friction condition. The
proposed method derives theoretically the friction condition
of the 6-axis resultant forces from Coulomb friction law at
each contact point. In order to confirm that the computed
force satisfies the condition, the derived condition is approx-
imated by a pyramidal model because of its nonlinearity. If
the force does not meet the condition, the assumption that
all of the contact points on the contact plane are static is
wrong, and the friction component of the force is modified
to the kinetic friction.

B. 6-axis Friction Constraint derived by Coulomb’s law

The Coulumb’s law of fff i(ppp) is represented as follows:

∥ fff is(ppp)∥ ≤ µs fin(ppp). (27)

Since the condition cannot be integrated over the contact
plane directly to get 6-axis friction constraint, the proposed
method replace it to the existance of a non-negative function
εi(ppp,θ) ≥ 0, where the distributed force is represented as
follows:

fff i(ppp) =
∫ π

−π
εi(ppp,θ)ϕϕϕ i(θ)dθ , (28)

where ϕϕϕ i(θ) is the vector along with slant vector of the
friction cone represented as follows:

ϕϕϕ i(θ) = nnni +µs cosθeeei f 1 +µs sinθeeei f 2 , (29)

and eeei f 1 and eeei f 2 are the two tangential vectors on the contact
plane, which are orthogonal with each other and the normal
nnni. To substitute (28) to (12), the resultant 6-axis force f̂ff iAB
is represented as follows:

f̂ff iAB
=
∫

ppp∈Pi

∫ π

−π
ε(ppp,θ)KKKi(ppp)Tϕϕϕ i(θ)dθdS. (30)

The 6-axis friction constraint is the existence of the non-
negative function ε(ppp,θ) represented as (30).

Equation (30) can be simplified using the position vectors
of the vertices on the contact plane. Since the contact area
is a convex polygon, the position vector ppp is a linear sum of
the vertices as follows:

ppp =
L

∑
l

βil (ppp)pppil , (31)

contact
force

height : radius
contact area

distributed forces
friction cone

forces on vertices

⇔

Fig. 5. transformation of Coulomb’s friction law with the distributed forces
in the contact area

friction pyramidfriction cone

Fig. 6. pyramidal approximation of the friction cone

where pppil is the lth vertex on the plane, L is the number of
the vertices and βil (ppp) ≥ 0, ∑l βil (ppp) = 1. Equations (30),
(31) and (9) yield the following equation:

f̂ff iAB
= ∑

l

∫ π

−π
εil (θ)KKKi(pppil )

Tϕϕϕ i(θ)dθ , (32)

where εil (θ) =
∫

ppp∈Pi
ε(ppp,θ)βil (ppp)dS. The new 6-axis fric-

tion constraint is the existence of the non-negative εil (θ) with
equation (32). Equation (32) can be rewritten as follows:

f̂ff iAB
= ∑

l
KKKi(pppil )

T fff il , (33)

where

fff il =
∫ π

−π
εil (θ)ϕϕϕ i(θ)dθ . (34)

To follow inversely the derivation of the existence of non-
negative εi(ppp,θ) in (28) the following condition is derived
from (34):

∥ fff ils
∥ ≤ µs filn . (35)

Finally, the 6-axis friction condition is that the 6-axis force
can be expressed by the resultant force of the forces which
act on the vertices and satisfy Coulomb friction law in Fig. 5.
Note that the condition is derived theoretically.

C. Decision of Static Friction by Pyramidal Approximation

The forces fff il which satisfy (33) and (35) can be found to
solve the second-order cone programming (SOCP). However,
it is difficult to solve the SOCP with a non-linear evaluation
function and the calculation cost is large in general. The
proposed method solves the problem approximately based on
the pyramidal approximation of the friction cone condition
(35) as shown in Fig. 6. Thanks to the approximation, the
problem to find fff il is replaced with the linear programming
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problem. Equation (34) is approximated with the regular P-
gonal pyramid as follows:

fff il ≃
P−1

∑
p=0

εil,p ϕϕϕ i

(
2π p

P

)
, (36)

where εil,p ≥ 0. To substitute (36) to (33), the following
equation is derived:

f̂ff iAB
= ∑

l
∑
p

εil,pKKKi(pppil )
Tϕϕϕ i

(
2π p

P

)
. (37)

Equation (37) is a vector form of six simultaneous linear
equations with respect to εil,p . If (37) has a solution, the
computed 6-axis force satisfies the static friction constraint,
which can be checkd by the first phase of the two-phase
simplex method.

D. Modification to Kinetic Friction

When the computed force does not satisfy the static
friction constraint, the proposed method modifies it to the
kinetic friction. Since the kinetic friction is parallel to the
sliding velocity vvvis of each contact point, the 6-axis force
with kinetic friction is represented as follows:

f̂ff iAB,K =
∫

ppp∈Pi

KKKi(ppp)Tεin,K(ppp)(nnni +µkeeeis(ppp))dS, (38)

where eeeis =−norm(vvvis(ppp)) and εin,K(ppp) is an arbitrary non-
negative function. The modification is to decide a reason-
able f̂ff iAB,K , namely, εin,K from the computed force f̂ff

∗
iAB

.
The components of f̂ff iAB,K are divided into the two groups
which depend on nnni and eeeis(ppp). The former group can be
transformed to the summation form theoretically as follows:

fiAB,Kn = ∑
l

εin,Kl

τiAB,K f 1 = ∑
l

ril f 2
εin,Kl , τiAB,K f 2 =−∑

l
ril f 1

εin,Kl , (39)

where f̂ff iAB,K = [ fff iAB,K
T τττ iAB,K

T]T, ril f 1
= eeeT

i f 1
pppil , ril f 2

=

eeeT
i f 2

pppil and εin,Kl =
∫

εin,K(ppp)βil (ppp)dS. On the other hand,
the latter group cannot be transformed to a summation form
due to the nonlinear normalization function.

The proposed method assumes that the sliding direction
eeeis(ppp) can be approximated by a linear combination of
eeeis(pppil ) represented as follows:

eeeis(ppp) = ∑
l

βil (ppp)eeeis(pppil ). (40)

The remaining components of f̂ff iAB
are derived by this

assumption as follows:

fiAB,K f 1 = ∑
l

til f 1
εin,Kl , fiAB,K f 2 = ∑

l
til f 2

εin,Kl

τiAB,Kn = ∑
l
(ri f 1til f 2

− ri f 2til f 1
)εin,Kl , (41)

where til f 1
= eeeT

i f 1
eeeis(pppil ) and til f 2

= eeeT
i f 2

eeeis(pppil ). In order to
modify the computed force, the following linear program-
ming problem with respect to εin,Kl is solved:

εεε in,K = argmax
εεε in ,K

(
fiAB,K f 1

f ∗iAB f 1

+
fiAB,K f 2

f ∗iAB f 2

+
τiAB,Kn

τ∗iABn

)
(42)

subject to
fiAB,Kn = f ∗iABn

, τiAB,K f 1 = τ∗iAB f 1
, τiAB,K f 2 = τ∗iAB f 2

, (43)

where eeein,K = [εin,K1 · · · εin,KL ]
T. The 6-axis kinetic friction

force is given by substituting the solution of (42) to (39)
and (41). While the components fiAB,Kn , τiAB,K f 1 and τiAB,K f 2 ,
which depend on the restitution of the distributed force, are
the same with f̂ff iAB

, the components fiAB,K f 1 , fiAB,K f 2 and
τiAB,Kn , which depend on the friction of the distributed force,
are modified to kinetic friction so as to be close to f̂ff iAB

.

E. Computation procedure

The procedure of the overall contact force computation
based on the contact volume and the friction modification of
the 6-axis force goes as follows.

1) Detect collisions and compute contact volume using
e.g. Muller-Preparata method [9].

2) Compute each restitution direction vector in (1).
3) Compute QQQi,ccci in (18) and (19).
4) Compute AAA[k], lll[k] in (26).
5) Compute contact forces by solving (25).
6) Confirm whether the forces satisfy the 6-axis friction

constraint or not respectively by solving (37).
7) If the problem has no solution, modify the force to the

6-axis kinetic friction force by solving (42).
8) Compute acceleration q̈qq in (11).
9) Update qqq, q̇qq by integrating q̈qq.

IV. SIMULATION

A. Setup

This section shows two simulation results to evaluate the
proposed method. It is supposed that µs = 0.5,µk = 0.3,
the relaxation coefficient λ = 0.0001 and the compensation
coefficient k = 1000. The simulations ran on a PC with
Intel(R) Core(TM) i7-2720QM 2.20GHz CPU and 8GB
RAM. Runge-Kutta-Gill method was used as an integrator
with the integration time step ∆ t = 1ms.

B. Simulation 1: a robotic arm picking a box

The first simulation was of a robotic arm picking a box.
The simulation was done on Choreonoid [10], which is
an integrated robotics GUI environment where Nakaoka et
al.[6]’s method is implemented. The robotic arm model was
of PA10, which is available on Choreonoid. The simulated
task was to pick up a green box and place it on the edge of
an yellow box. Figs. 7, 8 are snapshots of the simulation with
the proposed method and Nakaoka’s point-based method,
respectively. It can be seen that the proposed method could
compute contact forces stably as well as the point-based
methods. However, the green box fell after the robot placed
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Fig. 7. simulation1: snapshots using the proposed volume-based method
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Fig. 8. simulation1: snapshots using Nakaoka et al.[6] method
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the box in the simulation with the proposed method, while
it stayed on the yellow box with the point-based method..
This is because the proposed method could find an oblique
restitution direction for the normal direction of the surface,
which seems more realistic than the point-based method as
the snapshots at t=5.0s show.

C. Simulation 2: a cube pushed by an external force under
static or kinetic friction

The second simulation was of a cube pushed by external
forces on a ground to evaluate the proposed friction model.
The cube was a 10×10×10cm3 and 0.5kg. Fig. 9 shows the
simulation set-up. An external force along with x axis and an
external torque around z axis were applied at the center of
the bottom square. The contact force acted against the force
and the torque was computed. Fig. 10 shows regions where
the computed contact force satisfied the 6-axis static friction
condition, where P= 4,8,16,32. The boundary of the friction
torque in theory has a complex form since it depends on
constraints on all the other components of the 6-axis force.
It is expected that the approximated boundary approaches
the theoretical one by increasing P, and P = 8 almost fits it.
The maximum external force under no external torque was
2.2N, which was less than the theoretical value 2.45N. It has
been shown that the proposed method can compute the static
friction more accurately.

V. CONCLUSION

This paper proposed a new contact force computation
based on the combination of the macroscopic contact model
and the volumetric intersection. The method computes a 6-
axis contact force by estimating the collision volume defor-
mation via the least-square method, and to find reasonable
impulse by checking if it can be composed from possible
stress distribution within the friction limit. The performance
of the proposed method was evaluated through two simu-
lations. The first simulation is of a robotic arm picking a
box. The comparison between the proposed method and the
contact-point based method shows that the proposed method
computes more realistic contact force. The second simulation
is of a box pushed by an external force and torque. It can be
seen that the proposed method can compute the static friction
force more accurately.
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